Identification of mechanical properties of isotropic and anisotropic materials that demonstrate non-linear elastic behavior, such as rubbers and soft tissues of human body, is critical for many industrial and medical purposes. In this paper, a method is presented to obtain the mechanical constants of Mooney-Rivlin and Holzapfel hyper-elastic material models which are employed to describe the behavior of isotropic and anisotropic hyper-elastic materials, respectively. By using boundary measured data from a sample with non-standard geometry, and by using an iterative inverse analysis technique, the material constants are obtained. The method uses the results of different experiments simultaneously to obtain the material parameters more accurately. The effectiveness of the proposed method is demonstrated through three examples. In the two first examples, the simulated measured data are used, while in the third example, the experimental data obtained from a polyvinyl alcohol sample are used.
Introduction
Many materials such as rubbers, elastomers and tissues of human body experience large deformation under small loads. Further, some materials such as wood, fiber-reinforced composites and some body tissues like arterial walls, show anisotropic behavior in addition to large elastic deformation due to the presence of preferred directions in their structure. The large strains in the response of these materials clarify that their mechanical behavior is nonlinear, and getting back to the reference configuration after load removal demonstrates their elastic response. Because of the wide use of these materials in industry and the crucial role of different tissues in human body, presenting a model with known parameters that can predict the mechanical behavior of these materials is essential. When these materials experience small deformations (less than 2 to 5 percent), their mechanical behavior can be modeled using common linear elastic models (Czabanowski, 2010) , but under large deformations, their mechanical response must be represented by nonlinear models such as hyper-elastic material models. Therefore, many efforts have been made to present constitutive laws that model the behavior of these materials properly. Pamidi and Advani (1987) proposed nonlinear constitutive relations for human brain tissue. Fung (1993) showed that the elastic properties of rabbits' mesentery could be simply modeled as an exponential function. Holzapfel and Gasser (2000) considered arterial walls as thin-walled cylinders and presented a constitutive equation for describing their behavior. They obtained the numerical values of the constants of their model using experimental data. A constitutive law for arterial layers with distributed collagen fiber orientation was presented in the work of Gasser et al. (2006) .
Many researchers used hyper-elastic models to predict material behavior especially for human body tissues. Moulton et al. (1995) used a combination of finite element model, nonlinear optimization algorithm, and a set of strains obtained by magnetic resonance imaging (MRI) to determine passive myocardial material properties. Miller and Chinzei (1997) conducted pressure experiments on brain tissue to model the destructions that may happen during brain surgery. They obtained force-displacement diagrams from the experiments. Then, they computed the unknown constants for different hyper-elastic models using the least squares method. Krouskop et al. (1998) conducted some pressure experiments on different parts of breast and prostate tissue, such as fat, and obtained Young's modules for each part.
Hartman (2001) conducted some tension and torsion tests on different samples made of rubber to identify their properties based on incompressible Rivlin's hyper-elastic model. Ogden et al. (2004) used a non-linear least squares optimization method to obtain the constants of hyper-elastic models for incompressible materials by fitting experimental data to their model. In the work of Hu and Desai (2004) , a tissue indentation test was conducted on liver to identify its biomechanical properties. Balaraman et al. (2005) conducted different experiments on 19 samples of muscle tissue and used the experimental data in a finite element analysis. They obtained mechanical properties of the muscle by an inverse method using Taguchi's approach. Mehrabian (2008) estimated the constants of an incompressible hyper-elastic material based on three different energy functions. Some samples made of polyvinyl alcohol were used in pressure experiments. The tests were modeled in the finite element analysis and the unknown constants were computed using the least square method. Ahn et al. (2008) conducted biomechanical experiments on macro and micro liver samples to characterize their mechanical behavior using a nonlinear least squares method and an inverse finite element (FE) method based on a parameter estimation algorithm. In the work of MesaMúnera et al. (2012) , several hyper-elastic models were used to predict and model mechanical behavior of a silicone rubber. They conducted a uniaxial compression test on a phantom with mechanical properties close to brain tissue. They could obtain force-displacement diagrams for compression tests on the phantom. Rauchs et al. (2010) used a depth-sensing spherical indentation technique to determine the parameters of different rubber materials by using an inverse method based on a gradient--based numerical optimization method. Czabanowski (2010) conducted some pressure experiments on machinery elastomers to obtain their material properties. Czabanowski obtained force-displacement diagrams first. Then, by using a function in ABAQUS finite element software, he determined the constants of Mooney-Rivlin model for the materials. Abyaneh et al. (2013) used an inverse method to obtain viscoelastic material properties of porcine cornea by performing tension and indentation tests. They used a sample with possible maximum length for the tension test. Using the results of the tension test, material properties for an isotropic viscoelastic material were obtained using a curve fitting procedure. Due to insufficiency of this model, to match the indentation test results, an anisotropic model with the results of the indentation test was also used in an inverse algorithm to obtain anisotropic parameters. Parameters of the isotropic model were the initial guesses for the inverse algorithm. Baker and Shrot (2013) proposed a new method for inverse identification of material parameters. They used auxiliary quantities to describe material behavior.
In all of the works reviewed above, the sample that was used to obtain the measurement data was cut to a cubic or cylindrical shape to provide standard test specimens. Therefore, these methods cannot be applicable to find the material constants of a hyper-elastic material with a non-standard shape nondestructively. The inverse method presented in this paper uses the measured displacement data from a sufficient number of sampling points on the original hyperelastic body to obtain unknown material constants. If the properties of the material are dependent on size and geometry, the properties, which are obtained by this method, are suitable for that special shape. Unlike previous researches, the method presented in this research uses the results of different experiments simultaneously to obtain the material parameters more accurately. This inverse problem is highly nonlinear and encounters various difficulties. Simultaneous use of measured data from several experiments with different load cases reduces the ill-posedness of the inverse problem. It is observed that using the measured data from several experiments results in a better solution than the case where only the measured data from one experiment is used. The Mooney-Rivlin and Holzapfel models are considered for isotropic and anisotropic materials, respectively. The Tikhonov regularization method is used in the inverse analysis. A method to determine the initial guesses for the unknown constants is also presented. The inverse method needs a sensitivity analysis, which is carried out using the finite element method (FEM).
Materials modeling

Hyper-elastic materials
For hyper-elastic materials, the stress-strain relations are determined using the strain energy density function ψ which is defined in terms of a deformation gradient or strain tensor. The derivative of ψ with respect to a component of strain gives its corresponding stress component (Holzapfel, 2000 )
where S is the second Piola-Kirchhoff stress tensor and ε is the Lagrangian strain tensor defined as follows
In Eq. (2.2), C is the right Cauchy-Green deformation tensor (C = F T F). F is the deformation gradient, which can be expressed in terms of the displacement vector u (F = ∇u + I).
Local shape deformation of a material element is described by F. The strain energy function is usually a function of deformation gradient F. Indeed, the function ψ is expressed in terms of the right Cauchy-Green deformation tensor, i.e., ψ = ψ(C). The following relation holds between the second Piola-Kirchhoff and Cauchy stress tensors (Holzapfel, 2000 )
where J = det F. Therefore, according to Eqs. (2.1), (2.2) and (2.3) the Cauchy stress tensor is defined as follows
For an isotropic material, ψ is dependent on C based on its invariants. The invariants of C are
For an isotropic material ψ is just dependent on I 1 , I 2 and I 3 (Holzapfel and Ogden, 2010 ) and the Cauchy stress equation is expanded as follows
By obtaining the derivatives of the invariants with respect to C (Holzapfel, 2000) and knowing that B = FF T Eq. (2.6) yields to
where ψ i = ∂ψ/∂I i . For an incompressible isotropic material I 3 = det F = 1 and the Cauchy stress tensor is modified as follows (Holzapfel, 2000 )
where p is a scalar identified as hydrostatic pressure. Therefore, the Cauchy stress tensor for an incompressible material with respect to B is expressed as follows
Isotropic hyper-elastic materials
The polynomial hyper-elastic model is a proper model for rubbers and other soft materials with isotropic behavior. In this research, the Mooney-Rivlin hyper-elastic model, which is obtained from the polynomial model, is used to predict the mechanical behavior of isotropic materials. In this model, density of strain energy for an incompressible material is a function of the first and second invariants of the left Cauchy-Green deformation tensor. The strain energy function for the polynomial model is defined as follows (Rivlin and Saunder, 1951) 
where A ij are the constants of the material and A 00 = 0. The Mooney-Rivlin strain energy function is obtained by considering n = 1 and A 11 = 0 in equation (2.10), i.e.
By considering relations (2.9) and (2.11), the Cauchy stress for the Mooney-Rivlin hyper-elastic material is obtained as follows
Anisotropic hyper-elastic materials
In the structure of human soft tissues, the presence of collagen fibers (Unnikrishnan, 2012) causes the material to have one or more preferred direction. This preferred direction is presented here by M. In this case, the strain energy density is a function of both C and M. Two more dependent pseudo invariants are defined for these materials (Holzapfel and Gasser, 2000)
where, for example, CM represents the action of the second order tensor C on the vector M.
For an incompressible material reinforced with one family of fibers, ψ is dependent on I 1 , I 2 , I 4 and I 5 . In this case, the Cauchy stress has two additional terms which show the effect of anisotropy. Therefore, the Cauchy stress tensor can be expressed as follows (Holzapfel and Ogden, 2010) 
where ⊗ denotes the dyadic product of two vectors and m = FM is the deformed form of the vector M in current configuration. For some tissues like arterial walls, two families of fibers with different directions can be detected within the tissue. M ′ is considered to be the unit vector in the direction of the second family of fibers. In this case, three more invariants are considered, which are expressed as follows (Holzapfel and Ogden, 2010 )
In this case, the Cauchy stress is expressed as follows (Holzapfel and Ogden, 2010 )
In this research, the Holzapfel's strain energy function for anisotropic materials is used. This function is described as follows (Holzapfel and Ogden, 2010 )
R 10 , k 1 , k 2 and κ are material constants and I * 4 is defined as follows
In this model, it is assumed that the direction of each family of fibers is dispersed around a mean direction. This dispersion is shown by κ (0 κ 1/3) (Holzapfel and Ogden, 2010). By using relations (2.16), (2.17) and (2.18), the Cauchy stress tensor can be obtained.
Computation of unknown material parameters of hyper-elastic materials
In this paper, an inverse method is used to obtain the constants of hyper-elastic material models. The inverse analysis is used to convert the measured data to some information about the material or system under study. In the inverse analysis, the outputs of the system may be available from an experiment but loading parameters, material properties, geometry of structure, boundary conditions or a combination of these factors have to be determined (Liu and Han, 2003) . In the present study, unknowns are constants of hyperelastic materials. These unknowns are found using the measured displacements at some sampling points on the boundary of the body. The measured displacements are collected from a few load cases (for example, 3 cases). Then by using the inverse analysis in an iterative process, the constants are obtained. A proper initial guess is required for the iterative process.
Inverse analysis
In this section, the inverse formulation for evaluation of constants of isotropic and anisotropic hyper-elastic material models is presented.
For an incompressible material, the Mooney-Rivlin hyper-elastic model constants are A 10 and A 01 . Therefore, the vector of unknowns for the problem is defined as follows
where x 1 = A 10 and x 2 = A 01 . For the Holzapfel hyper-elastic model, these constants are R 10 , k 1 , k 2 and κ. The vector of unknowns for this case is defined as follows
In order to obtain material constants, a few experiments (load cases) are performed on the material. These experiments must be different with each other to provide suitable data for the inverse analysis. The number of these experiments is 2, 3 or more. In this work, 3 load cases are considered for describing the formulation. In each experiment, the displacement at some boundary points is measured and restored in vectors Y (1) , Y (2) and Y (3) . If they are N 1 , N 2 and N 3 measured data in load cases 1, 2 and 3,  respectively, Y (i) (i = 1, 2, 3) are defined as follows
By solving the problem numerically using the estimated constants, the displacement vector at sampling points is obtained and stored in D (1) , D (2) and D (3) which are defined as follows
In order to find the constants of the material, the Tikhonov regularization method is used. In this method, the objective function Π is defined as follows
where the vectors Y and D are defined as follows
In equation (3.5) , α is the regularization parameter. The objective function Π should be minimized to find the unknown vector X. By taking the derivative of Π with respect to X and equating to zero, the following equation is obtained
In Eq. (3.7), S is the sensitivity matrix and is defined as follows
where L is the number of the load case and q is the number of unknowns or the number of components of X. The components of the sensitivity matrix are defined as follows
In order to compute the constants in an iterative process and calculate the sensitivity matrix, a program is written in python for the finite element software ABAQUS. This program uses the finite difference method to calculate the sensitivity matrix. For this purpose, each material constant is changed by a very small value and displacements at sampling points are obtained.
The differences between these displacements are used to compute the sensitivity coefficients. The sensitivity coefficient S (L) ij is computed through the following finite difference equation
where µ is a small value such as 0.001.
For example, if there are four unknown material constants, the sensitivity of the displacement at sampling point 3 with respect to material constant 2 is computed as follows
It is possible to obtain the unknown vector X through equation (3.7) . Let the vector of unknown constants in the current step of the iterative process is represented by X c and the corresponding displacement vectors for load cases 1, 2, and 3 are represented by D
and D
c , respectively. The total displacement vector D c is defined as follows
The total displacement vector in the new step, i.e. D, can be expressed as follows
where X is the vector of unknown constants in the new step. By using Eqs. (3.13) and (3.7) the following equation is obtained
Equation (3.14) is used iteratively through the following equation to obtain the constants
k and k + 1 are the numbers of iterations, and the convergence rule is defined as follows
where e is the specified tolerance. In the cases where a large number of sampling points and/or many load cases are considered, selecting a small value or even zero for α results in stable solutions. Inequality constraints on material constants (for example 0 κ 1/3) are not considered in the inverse formulation of this study. In other words, the inverse formulation of this research uses an unconstrained optimization formulation. However, the obtained results must satisfy all the constraints. Otherwise, the problem has to be solved with different initial guesses.
Initial guesses
In order to start the iterative process and obtain the material constants, proper initial guesses are required. Selecting appropriate initial guesses reduces the number of iterations and increases the convergence rate. To find proper initial guesses for the unknown parameters of the hyper--elastic material, we try to find unknown Young's modulus E and Poisson's ratio ν for an isotropic linear elastic material, which can approximately reconstruct the measured data for the original hyper-elastic material. For this purpose, the measured data Y are used in a simple inverse analysis to find appropriate values for the two parameters of the pseudo linear elastic material. Then, the calculated parameters are used to compute initial guesses for the original material parameters. A similar approach has been used by Hematiyan et al. (2012) for providing initial guesses for identification of material constants of linear elastic anisotropic materials.
The pseudo material is assumed incompressible with ν = 0.5. The displacement vector obtained from the experiments on the hyper-elastic material, i.e. Y, is assumed to be the displacement vector for the pseudo material with unknown E. The unknown parameter E can be simply found as follows.
The displacement vector at the sampling points of the pseudo material can be computed as
where D is the displacement vector at the same sampling points for a linear elastic material with E = 1 Pa and ν = 0.5. The vector D can be computed using a direct analysis by the FEM.
To find a suitable value of E, we minimize the difference between D and Y. This can be carried out by minimizing the following expression
which gives
Now, we have found elastic constants of a pseudo linear elastic isotropic material for the inverse problem. After obtaining the Young modulus from equation (3.19) , by selecting different values for ε, a set of stress-strain data is provided using the relation σ = Eε. This set of data is used to find initial guesses for the unknown constants of the original hyper-elastic material. Consider a case of uniaxial loading with the axial stress σ which causes the axial strain ε in direction 1 for the pseudo material. The deformation of the material can be expressed as follows
where (X 1 , X 2 , X 3 ) are rectangular Cartesian coordinates that identify material particles in some unstressed reference configuration, (x 1 , x 2 , x 3 ) are the corresponding coordinates after deformation with respect to the same axes, and the coefficients (λ 1 , λ 2 , λ 3 ) are principal stretches of the deformation. Therefore, the deformation gradient tensor F ij = ∂x i /∂X j is expressed as follows
Substituting B ij = F ik F jk in equation (2.12), the following equation is obtained
On the other hand, for the pseudo material we have
Equation (3.24) can be written in the following form
where Y and X are
By using the previously generated set of stress-strain data, a set of X-Y data is computed using Eq. (3.26) . Then a line is fitted through the X-Y data by a simple linear regression. Considering Eq. (3.25) and by using the coefficients of the fitted line, the values of A 10 and A 01 are obtained. These values are considered as initial guesses for the inverse analysis. A method to obtain the initial guesses for constants of anisotropic hyper-elastic materials is also presented here. These constants are R 10 , k 1 , k 2 , and κ, see Eqs (2.17) and (2.18). Since 0 κ 1/3, we simply select the value of 0.25 as an initial guess for κ. To simplify the process of obtaining the initial guesses we also set k 1 = k 2 . Therefore, only the initial guesses for R 10 and k 1 should be determined. Substituting Eqs. (2.17) and (2.18) into Eq. (2.16), the Cauchy stress is expressed as follows
As discussed for the isotropic case, by using Eq. (3.19) Young modulus is obtained for the pseudo incompressible linear elastic material. Using the calculated Young's modulus and Hooke's law, the components of the stress tensor σ and the strain tensor ε at two different points are computed. The strain tensor is used in Eq. (2.2) to obtain the right Cauchy-Green deformation tensor C from which the deformation gradient tensor F and the tensor B can be obtained. Having F and M, the vector m = FM is also known and the unknowns in Eq. (3.27), i.e. R 10 and k 1 , can be found. These computed values are considered as initial guesses for the corresponding parameters.
Numerical examples
In this Section, three examples are presented to show the efficiency of the presented method. In the two first examples, numerically simulated measured data are used; however, in the third example, the experimental data obtained from a polyvinyl alcohol sample are used for the identification of material parameters.
Example 1. Isotropic hyper-elastic material
In this example, a rectangular plate with a non-circular hole made of an isotropic hyper--elastic material is considered. As shown in Fig. 1 , the body is subjected to three load cases. The loading location and directions vary in each case to obtain more useful measurement data. The measurement data were numerically simulated. For this purpose, three direct problems corresponding to the three load cases were solved by the exact material constants and displacement at sampling points where obtained. Then, some errors with a normal distribution were added to the displacement data to account for practical inaccuracies.
The exact material constants of the Mooney-Rivlin hyper-elastic model for the material are assumed 80 Pa and 20 Pa for A 10 and A 01 , respectively. The initial guesses for the material constants obtained from the method presented in Section 3.2, are A 10 = 90.34 Pa and A 01 = 3.497 Pa. These initial guesses are used in the developed program, and by using equation (3.15 ) the unknowns are updated in each step until they satisfy convergence rule.
At first, the problem was solved without any measurement error. Table 1 shows the number of iterations and obtained values for the constants when the results of the load cases where used separately (1, 2 or 3) or together (1+2 or 1+2+3) for the inverse analysis. The tolerance Fig. 1 . Load cases applied to the material for the convergence rule was assumed 0.01. Then the problem was solved by applying 1 and 5 percent error in the measurement data. These errors are applied in the exact solution of the problem using the normal distribution function. The results of these cases are shown in Table 1 as well. The convergence process for the case with 5% measurement error is shown in Fig. 2 . From the results of Table 1 , it is clear that when there is no error in the measurements, the solution for all load cases converge easily to the material constants and the number of iterations is almost the same whether the load cases are solved together or separately. Further, when the error percentage in measurements increases, the number of iterations and errors in the obtained results increase too. In addition, the number of iterations is less for the cases that the problem is solved by using 2 or 3 load cases. Moreover, it is seen that the obtained results are more accurate when more than one load case is considered in the inverse analysis. 
Example 2. Anisotropic hyper-elastic material
In this example, the same geometry of the previous example but with an anisotropic hyper--elastic material is considered. The exact material constants of the Holzapfel hyper-elastic model for this material are assumed 7.64 Pa, 996.6, 524.6 and 0.226 for R 10 , k 1 , k 2 and κ, respectively. The direction of the fibers in a hyper-elastic material that determines the M and M ′ vectors can be obtained from two-dimensional images of soft biological tissues (Schriefl et al., 2012) . In this Table 2 shows the number of iterations and obtained constants when the results of different load cases were used separately or together. The tolerance for the convergence rule was assumed 0.01. Then, the problem was solved by considering 1 and 5 percent error in the measurement data. The results of these cases are shown in Table 2 . The convergence process of constants for the case with 1% error in measurements is shown in Fig. 3 . From the results given in Table 2 , it is seen that the inverse solution diverges for load cases 2 and 3 even without any measurement error. Further, it is seen that when an error exists in measurements, the solution cannot be obtained by only one load case. It is also observed that the number of iterations for the solution with 3 load cases is smaller than the solution with 2 load cases. In order to verify the proposed method for obtaining material constants of hyper-elastic materials, a sample was made of polyvinyl alcohol which exhibits hyperelastic mechanical behavior. Polyvinyl alcohol is usually used to simulate soft tissues of human body (Hebden et al., (Fig. 4) is a rectangular plate with dimensions of 80.04 mm×10.02 containing a 33.28 mm diameter hole. Two load cases are considered for the polyvinyl alcohol sample. In the first case, the sample is placed horizontally on the desk and by using a force meter, a load is applied to one end while the other end is fixed. This load case is shown in Fig. 5 . In this case, a load of 1.2 N is applied to the sample.
In the second case, the sample is hanged by its weight and by using a hook, a load is applied to the sample. This case is shown in Fig. 6 . A load of 1.5 N is applied in this case. It should be mentioned that, in this case, there exists a body force in the same direction of loading too. Therefore, the deflection of the member in the second case is much more than the deflection in the first load case.
For measuring the displacement at the sampling points, these points were marked before the test. By using the measured displacements, the material constants are obtained for a simple cylindrical sample and for the rectangular sample with a hole. The finite element model (con- Fig. 7 , the load is not directly applied to the material. A rigid plate is used in the FEA model for load application in order to simulate the experiment more accurately.
The material constants obtained from loading the cylindrical sample are presented in Table 3 . The material constants obtained for the rectangular sample are presented in Table 4 , where the results of the first and second cases are used separately and together. From Table 4 it is seen that when each test is used separately to obtain the material constants, the number of iterations is larger and the constants deviate more from those obtained for the cylindrical sample in Table 3 . Further, when two tests are used together to obtain the constants, the deviation from constants of Table 3 and number of iterations are smaller. 
Conclusions
A method to obtain the constants of isotropic and anisotropic incompressible hyper-elastic materials is presented. In the proposed method, by using the measured displacements at some sampling points on the boundary of a member with a non-standard shape, the unknown material constants of the material are computed. The measured data are obtained from more than one test with different load cases. It is shown that the method is more efficient when the results of two or three load cases are simultaneously used to solve the problem. From the results of the numerical examples, it is concluded that when the measurement error is zero for isotropic materials, the solution process corresponding to all load cases easily converge to the exact solution and the number of iterations is almost the same whether the load cases are solved together or separately. However, for anisotropic hyper-elastic materials, even in the cases without any measurement error, the solution corresponding to some load cases may diverge. Since the number of constants to be determined in the anisotropic case is more than the isotropic case, more load cases are needed to find the unknown constants of hyper-elastic anisotropic materials.
For both isotropic and anisotropic hyper-elastic materials, when the measurement error increases, the number of iterations and the error in the obtained results increase too. Further, it can be seen that usually the number of iterations is smaller for the cases that the problem is solved by using the measured data from 2 or 3 load cases and the results obtained are more accurate.
In this research, the preferred direction vectors are considered to be known. However, if one considers these parameters as unknowns, the number of the unknowns of the inverse problem increases. This will complicate the problem more and more, and the need for conducting more experiments increases as well.
